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Models that accurately describe chemical processes are often intricate in®ol®ing nu-
merous reacting species and reaction steps. For complex reaction mechanisms, output-
species concentration profiles can change dramatically based on the set of ®alues chosen
for inputs if they are nondeterministic. A systematic uncertainty analysis can pro®ide
insight into the le®el of confidence of model estimates and aid mechanism reduction.
Response surface methods and ®ariants, thereof, require much fewer simulations for the
adequate estimation of system uncertainty characteristics. This article focuses on reac-

( )tion rate constant uncertainty using the stochastic response surface method SRSM ,
whereby, uncertain outputs are expressed in terms of a polynomial chaos expansion of
Hermite polynomials and engenders such useful properties as the mean and ®ariance
and computation of sensiti®ity information. SRSM determines the uncertainty propaga-
tion characteristics ®ery accurately, while using an order-of-magnitude fewer model sim-
ulations than traditional Monte Carlo techniques. Since uncertainty in kinetic rate pa-
rameters largely affects the reduction of kinetic models, a framework of analysis is also
de®eloped for mechanism reduction considering uncertainty using sensiti®ity information
from SRSM to create good initial sets of reactions for the efficient solution of a multi-
period optimization problem. Two case studies� an isothermal supercritical wet oxida-
tion process and a nonisothermal H rCOrair combustion process� elucidate the ap-2
plication of this framework of analysis to complex kinetic mechanisms and illustrate the
possible ease of computational burden associated with mechanism reduction under un-
certainty.

Introduction

Accurate models that correctly describe chemical pro-
cesses are often intricate and involve a large number of react-
ing species and reaction steps; examples include combustion
processes and atmospheric chemistry problems. Since the
source of reaction rate constant parameter data is usually ex-
perimental, when dealing with complex kinetic reaction mod-
els, a certain level of uncertainty is inherent in the system. A
systematic uncertainty analysis of the system can provide in-
sight into the level of confidence of model estimates and help
identify key sources of uncertainty. Conventional techniques

Correspondence concerning this article should be addressed to M. Ierapetritou.

of uncertainty propagation, however, typically require a large
number of model runs that sample various combinations of

Žthe inputs, resulting in heavy computational demand such as
.Monte Carlo, Latin hypercube methods . Response surface

methods and variants, thereof, try to address this problem by
reducing the number of simulations required for adequate
estimation of uncertainty propagation.

w ŽStochastic response surface method SRSM, Isukapalli,
.x1990 is one such technique that uses computationally effi-

cient instantiations of the random variables responsible for
uncertainty in order to capture uncertainty effects. Based pri-
marily on classic response surface methods and deterministic

w Ž .xequivalent modeling DEMM, Tatang, 1995 , SRSM expan-
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sions express random outputs in terms of the polynomial
Ž .chaos expansion Ghanem and Spanos, 1991 of Hermite

polynomials and the implementation utilizes an efficient col-
location scheme combined with regression in order to deter-
mine the coefficients of the expansion. This polynomial form
then engenders many useful properties, including straightfor-
ward determination of statistics like the mean and variance
and computation of sensitivity information.

The complexity and intricacy of detailed kinetic models im-
plies a heavy computational burden associated with the solu-
tion of such systems. A useful approach to overcome this
computational demand associated with the inclusion of all re-
action steps is kinetic mechanism reduction. Of the tech-
niques that exist for model reduction, the approach we adopt
in this work follows that developed by Androulakis
Ž .Androulakis, 2000 , which is to set up and solve an optimiza-
tion problem that aims to find a subset of reactions and

Žspecies of the full model that produce similar within a user-
.specified tolerance concentrationrtemperature profiles for

Ž .certain output species tagged species .
The presence of uncertainty in model parameters compli-

cates reaction mechanism reduction in this formulation be-
Žcause the reduction strategy restricts prediction error full vs.

.reduced mechanism tagged species profiles to lie below a
specified limit and the set of values chosen for the uncertain
inputs can dramatically change output species concentration
profiles.

In this work, we focus on complex kinetic mechanism un-
certainty analysis and mechanism reduction, with the aim of
providing an efficient, accurate, and systematic framework of
analysis that effectively deals with reaction rate constant un-
certainty. SRSM is the chosen method of uncertainty analysis
and is shown to be very accurate in determining the uncer-
tainty propagation characteristics while using orders-of-mag-
nitude fewer model simulations than traditional Monte Carlo
techniques. In addition, a mechanism reduction strategy is
outlined wherein very good initial sets of reactions for opti-
mization problems are obtained via uncertaintyrsensitivity
analysis utilizing SRSM.

Two case studies are analyzed, an isothermal supercritical
Ž .wet oxidation process Phenix et al., 1998 and a nonisother-

Ž .mal H rCOrair combustion process Li and Rabitz, 1997 ,2
that elucidate the application of this framework of analysis,
and the results point to a substantial decrease in the compu-
tational burden associated with mechanism reduction.

Uncertainty Analysis
The presence of uncertainty often complicates the mecha-

nistic modeling of physical systems. Uncertainty arises in such
modeling efforts through various channels: natural or irre-
ducible uncertainty, wherein the physical system being mod-

Želed itself is inherently uncertain Brownian motion, and so
.on ; model uncertainty, which is engendered through many

correlated factors such as the model structure and approxi-
mations used, extrapolations, and model boundaries and
model resolution; parametric and data uncertainty, which in-
clude experimental and data measurement errors, and impre-
cise device calibration biases.

The purpose of systematic uncertainty analysis is to pro-
vide insight into the level of confidence in model estimates,

identify key sources of uncertainty, and quantify the degree
of confidence in the existing data and models. The first step
in such an analysis requires the selection of an approach for
the representation of uncertainty. Of the number of tech-

Žniques available set theory, interval mathematics, fuzzy set
.theory, and so on probabilistic and statistical representation

of uncertainty has gained extremely wide acceptance and is
the approach adopted in this study.

Of commonly employed sampling-based probabilisticrstat-
istical methods, the Monte Carlo technique is one of the most

Žpopular. Given input uncertainty distributions frequency or
.probability density data , these methods involve a repeated

generation of pseudorandom instantiations of inputs fol-
lowed by an application of the model to these instantiations
to yield a set of model responses. These model outputs are
then further analyzed statistically.

A well-known disadvantage of sampling-based techniques
such as Monte Carlo is the large number of model simula-
tions typically required to achieve acceptable levels of confi-
dence about model output uncertainty characterization. Also,
although the analysis is extremely simple to apply, the results
generated have very limited use outside of uncertainty char-
acterization. These issues underly the use of alternative, effi-
cient, methods of uncertainty propagation such as the SRSM.

Stochastic Response Surface Method
Ž .The SRSM Isukapalli, 1999 is an extension of the classic

deterministic RSM and the DEMM. The motivation underly-
ing the use of SRSM is to reduce the number of model simu-
lations required for adequate estimation of uncertainty, as
compared to conventional methods. This is accomplished by
approximating both inputs and outputs of the uncertain sys-
tem through series expansions of standard random variables;
the series expansions of the outputs contain unknown coeffi-
cients that can be calculated from the results of a limited
number of model simulations. Example applications where
the method has been successfully applied to a variety of cases

Žcan be found in Isukapalli Isukapalli, 1999; Isukapalli et al.,
.2000, 1998 .

Evaluating an SRSM expansion consists of the following
Ž . Ž .steps Figure 1 : 1 input uncertainties are expressed in terms

Ž . Ž .of a set of standard random variables srvs ; 2 a functional
form is assumed for selected outputs or output metrics; and
Ž .3 the parameters of the functional approximation are deter-
mined.

The srvs are selected from a set of independent, identically
Ž . � 4ndistributed iid normal random variables, � , where n isi is1

the number of independent inputs, and each � has zero meani
and unit variance. When the input random variables are in-
dependent, the uncertainty in the ith model input X , is ex-i
pressed directly as a function of the ith srv, � ; that is, ai
transformation of X to � is employed. Such transforma-i i
tions are useful in the standardized representation of the
random inputs, each of which could have very different distri-
bution properties. Table 1 presents a list of transformations
for some probability distributions commonly employed in

Žtransport-transformation modeling note that currently, mul-
.timodal distributions cannot be handled by SRSM . In cases

Žwhere the random inputs are correlated and the interdepen-
.dence of the variables described by a correlation matrix , a
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Figure 1. Steps involved in generating an SRSM expansion.

transformation process can be applied to the inputs as out-
Ž .lined in Isukapalli 1999 .

The next step involved in implementing SRSM is express-
ing the series expansion of normal random variables in terms
of Hermite polynomials, the ‘‘polynomial chaos expansion’’
Ž .Ghanem and Spanos, 1991 . When normal random vari-
ables are used as srvs, an output can be approximated by a

� 4npolynomial chaos expansion on the set � , given byi is1

in n 1

ysa q a � � q a � � ,�Ž . Ž .Ý Ý Ý0 i 1 i i i 2 i i1 1 1 2 1 2
i s1 i s1 i s11 1 2

i in 1 2

q a � � ,� ,� q ��� 1Ž .Ž .Ý Ý Ý i i i 3 i i i1 2 3 1 2 3
i s1 i s1 i s11 2 3

Ž .where y is any output metric or random output of the model,
the a ’s are deterministic constants to be evaluated, andi1 . . .

Ž .the � � , . . . , � are multidimensional Hermite polynomi-p i i1 p

als of degree p, given by

� p
p 1r2 T y1r2 T� � , . . . , � s y1 e � � e � � 2Ž . Ž .Ž .p i i1 p �� �����i i1 p

where � is the vector of p iid normal random variables,
� 4 p� , that are used to represent input uncertainty. Her-i ks1k

� 4nmite polynomials on � are random variables, since theyi is1

Table 1. Common Univariate Distributions as Functionals of
Standard Random Variables

�Distribution Type Transformation

1 1 'Ž . Ž . Ž .Uniform a,b aq bya q �r 2
2 2

Ž .Normal �,� �q��
Ž . Ž .Lognormal �,� exp �q��

3
1 1

Ž .Gamma a,b ab � q1y(9a 9a

1 1 1 'Ž . Ž .Exponential � y log q �r 2
� 2 2

1raŽ .Weibull a y
Ž .Extreme Value ylog y

� Ž . Ž .� is normal 0,1 and y is exponential 1 distributed.

� 4nare functions of the random variables � . Furthermore,i is1
� 4nthe Hermite polynomials defined on � are orthogonali is1

with respect to an inner product defined as the expectation
Žof the product of two random variables Ghanem and Spanos,

.1991 . Thus

E � � s0 iff � ��p q p q

It is known that the set of multidimensional Hermite polyno-
mials form an orthogonal basis for the space of square-inte-
grable pdfs, and that the polynomial chaos expansion is con-

Žvergent in the mean-square sense Ghanem and Spanos,
.1991 .

For example, an uncertain model output, U, can be ex-
pressed as first-, second-, and third-order Hermite polyno-
mial approximations, U , U , and U as follows1 2 3

n

U sa q a � 3Ž .Ý1 0,1 i ,1 i
is1

n n ny1 n
2U sa q a � q a � y1 q a � �Ž .Ý Ý Ý Ý2 0,2 i ,2 i i i ,2 i i j ,2 i j

is1 is1 is1 j� i

4Ž .
n n n

2 3U sa q a � q a � y1 q a � y3�Ž . Ž .Ý Ý Ý3 0,3 i ,3 i i i ,3 i i i i ,3 i i
is1 is1 is1

ny1 n n n
2q a � � q a � � y�Ž .Ý Ý Ý Ýi j,3 i j i j j ,3 i j i

is1 j� i is1 js1

ny2 ny1 n

q a � � � 5Ž .Ý Ý Ý i jk ,3 i j k
is1 j� i k � j

where n is the number of srvs used to represent the uncer-
tainty in the model inputs, and the coefficients to be esti-

Žmated are a , a , a , and a where m representsi,m i j,m i j j,m i jk ,m
.the order of polynomial expansion .

From the preceding equations, it can be seen that the
number of unknowns to be determined for the first-, second-,
and third-order polynomial chaos expansions of dimension n,
denoted by N , N , and N , respectively, are1 2 3

N s1qn 6Ž .1
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n ny1Ž .
N s1q2nq 7Ž .2 2

3n ny1 n ny1 ny2Ž . Ž .Ž .
N s1q3nq q 8Ž .3 2 6

Guided by computational constraints and accuracy require-
Ž .ments, the appropriate order of expansion m should be
Ž .chosen. Because the procedure for this choice as we advise

involves the outputs of the polynomial chaos expansion, we
defer the guidelines for this choice until the end of this sec-

Žtion after the process of estimating the SRSM polynomial
.coefficients has been explained .

The final step in the SRSM implementation is to deter-
mine these coefficients of the polynomial chaos expansion
Ž .SRSM expansion , which is done using an extension to collo-
cation methods based on a combination of regression and an
improved input sampling scheme.

In collocation methods, the estimates of model outputs are
exact at a set of selected collocation points, thus, making the
residual at those points equal to zero. The unknown coeffi-
cients are estimated by equating model outputs and the cor-
responding polynomial chaos expansion at a set of colloca-
tion points in the parameter space; the number of collocation
points should be equal to the number of unknown coeffi-
cients to be found. Thus, for each output metric, a set of
linear equations results with the coefficients as the un-
knowns; these equations can be readily solved using standard
linear solvers.

The improved sampling scheme called the efficient colloca-
w Ž .xtion method ECM; Isukapalli, 1999 selects points based on

a modification of the standard orthogonal collocation method
Ž .of Tatang Tatang, 1995; Villadsen and Michelsen, 1978 . The

points are selected so that each standard normal random
variable, � , takes the values of either zero or one of the rootsi
of the higher-order Hermite-polynomial. A simple heuristic
technique is used to select the required number of points
from the large number of potential candidates: for each term
of the series expansion, a ‘‘corresponding’’ collocation point
is selected. For example, the collocation point corresponding
to the constant is the origin; that is, all the standard normal

Ž .variables � ’s are set to value zero. For terms involving only
one variable, the collocation points are selected by setting all
other � ’s to zero value, and by letting the corresponding vari-
able take values as the roots of the higher-order Hermite
polynomial. For terms involving two or more random vari-
ables, the values of the corresponding variables are set to the
values of the roots of the higher-order polynomial, and so on.
If more points ‘‘corresponding’’ to a set of terms are available
than are needed, the points that are closer to the origin are
preferred, as they fall in regions of higher probability. Fur-
thermore, when there is still an unresolved choice, the collo-
cation points are selected such that the overall distribution of
the collocation points is more symmetric with respect to the
origin. If still more points are available, the collocation point
is selected randomly.

After the set of sample points is selected in the same man-
ner as the ECM method, regression is employed to obtain
more robust estimates. The number of sample points selected
is higher than the number of unknown coefficients to be esti-

mated; selecting a number of points equaling approximately
twice the number of coefficients is recommended for obtain-
ing robust estimates, and is the approach used here. The
model outputs at the selected sample points are equated with
the estimates from the series approximation, resulting in a
set of linear equations with more equations than unknowns.
This system of equations is then solved using the single-value
decomposition method.

The advantage of this method is that the behavior of the
model is captured reasonably well at points corresponding to
regions of high probability. Thus, the pdfs of the output met-
rics are likely to be approximated better than by a random
choice of collocation points, while following a technique simi-
lar to the ‘‘orthogonal collocation’’ approach. Though slightly
more computationally expensive than exact collocation, this
method proves to be a more robust means of estimation of

Ž .coefficients of the functional approximation Isukapalli, 1999 .
Regarding the issue of selecting the appropriate order of

SRSM polynomial expansion, theoretically, the choice of or-
Ž .der m of expansion should be one that minimizes some sort

Ž f .of discrepancy measure between the actual output U and
Ž srsm.the SRSM polynomial approximation U , for example,m

Ž . [( f srsm.2 xthe mean squared error MSE , MSEsE U yU .m
Currently, there is no way to bound or estimate this quantity
before choosing the order of polynomial expansion. However,
Monte-Carlo-type simulations can provide insight into the
magnitude of the estimated MSE. The estimated MSE to-
gether with the comparison of estimates of the probability
densities obtained for outputs approximated provide for fairly
easily implemented measures that can be used to guide the
practitioner to an adequate choice of order of approximation.
A heuristic method that reflects both accuracy needs and

Ž .computational constraints was proposed by Isukapalli 1999 ,
who advised that the lower of two successive orders of expan-

Ž .sion be picked such as second and third order , for which
the probability density functions as estimated by the expan-
sions are sufficiently similar. Practically, for very large and
complex systems, polynomial chaos expansions with an order
higher than first and second order will prove difficult to ob-
tain. However, this is not an extreme shortcoming, since the
mean square convergence has been shown in a number of

Ž .applications Isukapalli, 1999; Isukapalli et al., 2000, 1998 ,
where SRSM expansions up to the second order have been
shown to capture the uncertainty characteristics of fairly
complex outputs accurately.

Kinetic Mechanism Reduction
Deterministic mechanism reduction

The kinetic mechanism reduction strategy adopted in this
Žwork follows the approach of Androulakis Androulakis,

.2000 , which also provides an excellent review of reduction
techniques. The primary goal is to determine reactions and
species that can be omitted from the mechanism without
causing the predictions of the species profiles of the reduced
mechanism to deviate from the full mechanism by more than

Ž .a user-specified tolerance in a root-mean-square sense . The
basic idea of this approach is to solve a dynamic MINLP

Žproblem based on integer variables representing the inclu-
.sion or exclusion of species and reactions using a branch-

and-bound solution procedure.
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The problem is formulated as follows

NR

min 	s � 9Ž .Ý i
� is1

subject to


 � F� 10Ž . Ž .

Žwhere the discrepancy function 
 which is the measure of
.error incurred in dropping reactions from the mechanism , is

evaluated based on the average sum of the squared time-
dependent residual error between the full and reduced
mechanism as:

2f rM u t yu tŽ . Ž .t j jf

 � s dt 11Ž . Ž .HÝ fu tŽ .t jojs1

ŽHere u represents the value of a matched quantity tempera-
.ture, species concentration, and so on and superscripts f and

r denote full and reduced, respectively. The � are binaryi
variables representing the inclusion or exclusion of reaction i
in the reduced mechanism. The actual kinetic model is set up
as the solution of the material and energy balances

dy R Mk k ks ks1, 2, . . ., N 12Ž .Sdt �

NSdT R M hk k ks 13Ž .Ýdt �cpks1

where � and c are the mixture density and specific heat atp
constant pressure; M and R are the molecular weight andk k
net rate of production of species k, respectively; N is theS
number of species in the mechanism; and R is further de-k
termined through the expression

NR
r fR s � 
 y
 q 14Ž .Ž .Ýk i ki ki i

is1

where

N NS S
f r
 
k i k iq sk c yk c 15Ž .Ł Łi f , i k r , i k

ks1 ks1

In the preceding expressions, q represents the individual in-i
trinsic rates of reaction, with k being the reaction rate con-i
stant values, 
 the stoichiometric coefficients, c the molarki k
concentrations, and N is the number of reactions in theR

Ž .mechanism. The specific reaction rate constant value k isf , i
given by the Arrhenius Law

k s A eyEirRT T bi 16Ž .f , i i

where A , E , and b are the preexponential factor, the acti-i i i
vation energy, and the temperature exponent of reaction i,
respectively, and R is the gas constant. It is assumed the re-

Ž .actor model is plug flow PFR , and thus requires the simul-
taneous integration of

dz � u0 0s 17Ž .
dt �

where � u is the mass velocity at the entrance of the PFR.0 0
ŽLocal sensitivity analysis which we will, henceforth, refer

.to as pseudosensitivity largely figures in this solution scheme
in an attempt to reduce the size of the problem by providing
a set of important reactions via preprocessing. Note that the
formalism as previously set up requires a deterministic or
fixed set of conditions in order to be applicable. Although a
variety of reaction networks have been analyzed using this
procedure, the combinatorial nature of the problem quite
easily leads to large-scale problems becoming extremely ex-
pensive computationally.

Mechanism reduction considering uncertainty
Kinetic mechanism reduction gets further complicated if

the parameters involved are uncertain quantities, as is com-
monly the case given that the reaction rate constants are de-
termined from experimental data. The integer programming
approach outlined earlier is limited to being performed at a

Žsingular set of conditions that is, on a deterministic set of
inputs, which is typically chosen to be the nominal set of con-

.ditions . In order to ascertain the effects of uncertain param-
eters on the mechanism reduction, a multiperiod program-

Žming approach can be used Halemane and Grossmann,
. Ž .1983 . Sirdeshpande et al. 2001 used this approach in order

to investigate the effects of probabilistic variability of initial
conditions on the reduction scheme.

The idea behind the multiperiod approach, as applied to
the case of uncertain kinetic mechanism parameters, is the
following: beginning with an initial set of reactions and the
rate constant values at nominal conditions, a reduced mecha-

Ž .nism is generated akin to a nominal reduction . Another op-
Žtimization problem is then set up to find a scenario the val-

.ues of the reaction rate constants lying within their bounds
that maximizes the discrepancy given this reduced mecha-
nism. If this discrepancy lies within the tolerance defined, the
reduced mechanism at this stage is the final solution. If the
discrepancy is more than acceptable, however, the scenario is
then included as a constraint to the mechanism reduction it-

Ž .self and another larger reduced mechanism obtained. This
process is then iterated until a final solution is obtained.

One can easily see how, at the end of this analysis, a mech-
anism that takes into account the uncertainty in the reaction
rate constant values results, as the final reduced mechanism
that is obtained from this procedure is generated to satisfy
the specified tolerance criterion even for the maximum dis-

Žcrepancy scenario set of rate constant values for which the
.error is the worst possible . One must keep in mind, however,

the underlying assumption following this approach is that the
Žmechanism is adequate for the entire range of operability in-

.put parameter space .
Mathematically, the problem is set up as proposed by

Ž .Halemane and Grossmann 1983 . A population of Np vec-
tors of uncertain parameters is generated and the MINLP
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problem solved with Np constraints as

NR

min 	s � 18Ž .Ý i
� is1

subject to


 �,� k F� , ks1, 2, . . ., Np 19Ž . Ž .k

where � k is the set of rate constants corresponding to a sin-
gle scenario. In the first iteration, the flexibility of the re-
duced mechanism at nominal conditions is checked by solving
the following NLP

max 
 20Ž .
N p�

subject to

k LBFk FkUB, is1, 2, . . . N . 21Ž .f , i f , i f , i R

The upper and lower bounds on the reaction rate constants
are computed through the uncertainty factors as k LBsf , i
knomrUF and kUBsknom �UF , where knom represents thef , i i f , i f , i i f , i
nominal value of the rate constant. Finding a value of 
 ��
indicates that the mechanism does not have the desired flexi-
bility and the optimal � k values resulting from the solution

Ž .of the NLP Eq. 20 are introduced as a scenario for the
Ž .MINLP Eq. 18 . This generates a new mechanism that is

checked for flexibility by solving Eq. 20, and this procedure is
iterated until 
 F� .

Obviously, this formulation is computationally more inten-
sive than the mechanism reduction at nominal conditions. The
numerical difficulties one typically encounters while trying to
solve the problem as set up here arise mainly from the non-
convex nature of the problem, that implies the requirement
of multiple initial points in order to ensure optimality of the

Ž .solution of the flexibility problem Eq. 20 . Further discus-
Ž .sion regarding the solution of both problems Eqs. 18 and 20

Ž .can be found in Halemane and Grossmann 1983 , An-
Ž . Ž .droulakis 2000 , and Sirdeshpande et al. 2001 . It should be

noted that the number of iterations of the complete proce-
Ž .dure and, hence, computational time is directly related to

how close the initial set of reactions considered is to a set of
reactions that constitute a final solution of the problem.

Owing to the coupled nature of uncertainty and sensitivity
analyzes, the approach taken in this work was to efficiently
and accurately capture the uncertainty characteristics of the
system using SRSM and then to extract sensitivity informa-
tion which would be useful in reducing the computational
burden associated with the solution of the multiperiod opti-
mization problem. This is accomplished by fixing the values
of some of the variables based on SRSM approximated sensi-
tivity and carrying out the Branch & Bound analysis on the
remaining set via a procedure defined in a later section of

Ž .this paper Proposed framework for mechanism reduction .
The Branch & Bound problem solved is, thus, of a greatly
reduced size and requires comparatively much fewer number
of nodes resulting in significantly less computational time.

Sensitivity Analysis Using SRSM
If uncertainty characteristics of the system under investiga-

tion are well captured by an SRSM expansion of appropriate
order, uncertain model output concentrations at chosen
points in time y can be well expressed as polynomial chaost
approximations U , U , and U , as described in Eqs. 3, 4 and1 2 3
5.

ŽIn order to obtain sensitivity information the extent of
change of an output with respect to a corresponding change

.in an input from the outputs as approximated by an SRSM
expansion, they are first differentiated with respect to each

Žinput srv. This gives for a second-order SRSM approxima-
.tion

ndyl , t ,2 sa q2 a � q a � 22Ž .Ýl , t , i ,2 l , t , i i ,2 i l , t , i j ,2 jd� i js1, j� i

using the fact that the srv’s are independent.
The other required component in the derivation of sensi-

tivity from the SRSM expansion is the exact parametric rep-
resentation of uncertainty. In this work, all the uncertainty is

Žconsidered in the rate constant values which are expressed
.in modified Arrhenius form , and are also transformed solely

to preexponential factor uncertainty. In the literature values
of uncertainty factors in the rate constant, values were as-
sumed to hold at the reaction temperatures considered, and
based on these values, corresponding preexponential factor
uncertainty parameters were subsequently calculated. The
distributions of the preexponential factors, and consequently
reaction rate constants, were chosen to be log-normal, which
is a common parameterization for reaction rate constants,
mainly due to the desirable attribute of nonnegativity. Trans-

Žformation of these log-normal random variables to srv’s Ta-
.ble 1 yields

byE rŽRT Ž � .. ii tk s A � e T �Ž . Ž .f , i , t i t

bŽ � q� � . yE rŽRT Ž � .. ii i i ts e e T � 23Ž . Ž .t

Ž nom.where the parameters are obtained as � s log A and �i i i
Ž . noms log UF r2, where A is the nominal value of the preex-i i

ponential factor of the ith reaction and the calculation of �i
relies on the assumption that approximately 95% confidence

Ž .intervals �2� on the log-normal random variables corre-i
spond to the upper and lower bound as defined by the uncer-

Ž .tainty factors UF of the reaction rate constant values. Thei
Ž .temperature of the reaction T � may or may not be con-t

stant depending on the process conditions considered. This
leads to the derivation of normalized sensitivity for two dis-
tinct cases, namely, isothermal and nonisothermal conditions.

� Ž Ž .For isothermal process conditions T � sT and kt 0 f , i, t
.sk , we havef , i

dk f , i s� k 24Ž .i f , id� i

The normalized sensitivity of an output species l with respect
Žto reaction i at time t based on a second-order SRSM ap-

.proximation , � , can be evaluated by the application ofl, i, t,2
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the chain rule

dy dy d�l , t ,2 l , t ,2 i
� sk sk 25Ž .l , i , t ,2 f , i f , i ž / ž /dk d� dkf , i i f , i

which, combining Eqs. 22 and 24, yields the final simplified
expression for the normalized sensitivity as

Ýn a �a 2 a � js1, j� i l , t , i j ,2 jl , t , i ,2 l , t , i i ,2 i
� s q q 26Ž .l , i , t ,2 � � �i i i

� For nonisothermal process conditions, temperature is just
another model output akin to the species concentration pro-
files. An SRSM expansion of the appropriate order can then
be fit to the temperature profile at each point in time as well.
For example, shown below is the temperature in the reactor
modeled as a second-order SRSM expansion

n n
2T � sa q a � q a � y1Ž . Ž .Ý Ýt ,2 T , t ,0 ,2 T , t , i ,2 i T , t , i i ,2 i

is1 is1

ny1 n

q a � � 27Ž .Ý Ý T , t , i j ,2 i j
is1 j� i

The normalized sensitivity, � , is found, in this case, to bel, i, t,2

a q2 a � qÝn a �l , t , i ,2 l , t , i i ,2 i js1, j� i l , t , i j ,2 j
� s 28Ž .l , i , t ,2 b dT � E dT �Ž . Ž .t t

� q qi 2T � d� d�Ž . RT �Ž .t t

It is worth pointing out here that, assuming the uncertainty
characteristics of the system under consideration are well
represented by an SRSM expansion, application of the pre-

Žceding procedure results in a functional form given by Eqs.
.26 and 28 that enables computationally an inexpensive eval-

uation of the dependency of normalized sensitivity of a given
reaction species l, with respect to a given reaction rate con-
stant value k , at a chosen point in time t that is valid overf , i, t
the range of the uncertain rate constant values.

Proposed Framework for Mechanism Reduction
Following the scheme outlined in the previous section, the

SRSM polynomial expansion coefficients can be used to ex-
tract sensitivity information from the reaction mechanism at
different points in time while taking uncertainty into account.
Sensitivity information is typically employed in kinetic mech-
anism reduction, as it provides a direct measure of the effect
of change in the rate constant value on the output species of
interest. Consequently, given the sensitivity information for a
target output species, one effectively identifies which reac-
tions dominate its profile at a given point in time.

In order to generate good initial sets of fixed reactions for
both mechanism reduction optimization problems, the ap-
proach adopted in this work was to consider a threshold value

Žfor weight factors derived from the ratio of the magnitude of
.the normalized sensitivities as the criteria for judging which

reactions are critical to the development of its profile. Any
reactions whose weight factors exceed this threshold at any
point of time and for any species were kept, and the remain-
ing less important reactions were eliminated.

This methodology allows for an intuitive heuristic algo-
rithm for generation of the initial set of reactions based on
the relative magnitude of the normalized sensitivity of each
reaction on the output species of interest. The details of the
algorithm are as follows:
Ž . Ž .1 Set � s0 for reduction at nominal conditions or find

Ž . Ž� such that � sarg max � for reduction consideringl, i, t �

.uncertainty . Note that the second problem is just a linear
program in the case of isothermal conditions and a nonlinear
optimization problem in the case of nonisothermal condi-
tions.
Ž .2 Select a threshold value � .
Ž .3 Compute the values of all the relative weights, � l, i, t

Ž .that is, for all reactions in the full mechanism , for a chosen
output species by evaluating the percentage ratio of the abso-
lute values of the normalized sensitivity, that is, � sl, i, t
� � Ž n � �.� rÝ � � 100.l, i, t is1 l, i, t
Ž .4 Reject reactions whose relative weights are less than

the chosen tolerance, that is, for a species l at time t, reject
reaction i if � �� .l, i, t
Ž .5 Loop this procedure over all time points, t, and species

of interest, l, with the final set of reactions equaling the union
of all the reactions that satisfy the tolerance criterion, that is,
the union of the reactions that are not rejected over all species
and points in time.

Equations 26 and 28 provide the means of determining
Žnormalized sensitivity over the entire range of inputs pro-

vided that the SRSM expansion is a good approximation to
.the system characteristics . The nominal response corre-

sponds directly to setting � s0. When considering uncer-
tainty and the task of providing the initial set for the multi-
period optimization problem, the set of � is determined such
that the sensitivity of the ith reaction is maximum. At this
value of � the relative weight of reaction i, � , is evalu-l, i, t
ated and compared to the tolerance value, � . The selection
of � following this approach fully exploits the fact that the
SRSM framework obtains sensitivity information while taking
uncertainty into account. In this manner, only reactions that
are truly ineffectual over the whole reaction time interval, in
terms of normalized sensitivity and with respect to the user-
specified tolerance � , are eliminated.

Two reaction systems have been studied in this article to
illustrate the application of SRSM to uncertainty analysis of
complex kinetic models. The remainder of this article de-
scribes the application of these ideas to these mechanisms,
the first being a supercritical wet oxidation process, followed
by a H rCOrair combustion mechanism.2

Case Study A: SCWO
The subject of the first case study is a supercritical wet

Ž .oxidation SCWO process, the details of which can be found
Ž .in Phenix et al., 1998 , and is essentially a high-pressure

Ž .246 bar oxidation of hydrogen and oxygen. The temperature
Žof the process was assumed to remain constant at 823 K used

.to determine the reaction rates and the time of reaction con-
sidered was 10 s. Each forward rate constant corresponds to
a random variable following a log-normal probability distri-
bution, with the known median value and multiplicative un-

Žcertainty factor taken from the literature Phenix et al., 1998;
Tsang and Hampson, 1986; Atkinson et al., 1989; Baulch et

December 2002 Vol. 48, No. 12AIChE Journal 2881



.al., 1992 and assumed to hold at the reaction temperature
considered. Species thermochemical data were taken from the

Ž .CHEMKIN database Kee et al., 1996 . The isothermal,
tubular reactor modeled in this study was assumed to be well
approximated by the plug-flow idealization, resulting in the
governing species conservations equations reducing to a set
of coupled, nonlinear, first-order, ordinary differential equa-
tions. These were solved using the deterministic stiff ODE

Ž .solver, LSODE Hindmarsh, 1983 , and the details of the full
mechanism itself can be found in Appendix A.

ŽFor mechanism reduction both at nominal conditions and
.considering uncertainty , the following species profiles were

tagged: H , O , HO , and H O. Thus, the objective of the2 2 2 2
optimization problems was to match the profiles of these
species using a reduced mechanism while staying within a tol-
erance level � .

Application of SRSM
Initial reaction rate constant uncertainty results in each re-

Žaction output species concentration, temperature profile, and
. Žso on , becoming a stochastic process a collection of profiles

.rather than a single profile , with time-varying distributions.
The first step in the analysis was to apply SRSM of the ap-
propriate order to the tagged output species at different time
points in order to capture this time-varying nature of the dis-

Žtributions. Thus, at discrete points in time between the reac-
.tion start and completion times for each output species whose

profile was to be matched for the mechanism reduction prob-
lem, an SRSM expansion was evaluated.

For the present isothermal mechanism case study, the total
system reaction time was divided into ten equal time intervals

Ž .between the time of reaction initiation t s0 and reaction0
Ž .completion t s10 s , and SRSM polynomials were fit to eachf

Ž .of the matched species’ profiles H , O , HO , and H O at2 2 2 2
Ž .each of these points in time at intervals of every second .

ŽOnce the SRSM analysis was complete all the relevant co-
efficients determined for the output species at relevant time

.points , threshold values of � were chosen and the algorithm
as outlined in the previous section applied to both nominal
and reduction under uncertainty cases to generate initial sets
of reactions for the optimization problems.

Results
It was verified that the uncertainty in the predicted species

concentration profiles varies with time, as shown previously
Ž .by Phenix et al. 1998 . Since the initial mole fractions were

taken to be deterministic quantities, the uncertainty in pre-
dicted species concentrations arose solely due to the uncer-
tainty in the initial reaction rate coefficients. Monte Carlo
simulation was carried out involving random instantiations

Ž .from the given distributions 15,000 model simulations as a
comparative method to analyze the uncertainty propagation
characteristics of the system.

In addition, first- and second-order SRSM were used to
predict the responses for the SCWO model requiring only 39
and 723 model simulations, respectively. Second-order SRSM
expansions were found to be sufficient for this case study,
and the close similarity of the probability distributions ob-
tained at various points in time show the accuracy and effi-
ciency of SRSM at capturing the uncertainty characteristics
of this system. The choice of order of polynomial expansion
was further ratified by error analysis. The mean squared er-

Figure 2. Time-evolving profile of the H mole fraction for the SCWO system.2
Ž . Ž .The inset top center shows the mean H mole fraction evolution in time, with bars above and below illustrating the value of the standard2

deviation of the density function at the particular instant in time.
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( )Figure 3. Probability densities of the H mole fraction at ts1 s SCWO system : Monte Carlo vs. SRSM.2

$ $
N f srsm 2Ž . Ž .ror estimates MSE, defined as MSEs 1rN Ý y yyis1

Ž f srsmwhere y and y are the outputs of the full model and
SRSM polynomial approximation, respectively, and N is the
number of points at which these values are evaluated�in this
case, the 15,000 random points used for the Monte Carlo

.simulation were found to vary in magnitude between 8.8�
y12 Ž . y11 Ž . Ž10 at ts1 s and 1.4�10 at ts10 s for H which is2

.representative of the other system species as well and
deemed suitable for the case study.

The uncertainty in each species mole fraction was found to
Ž .increase until it reached a maxima near t s 2 s and then

dropped to zero due to the fact that almost any combination
of reaction rate constants predicts the completion of the re-
actions at large residence times. Figure 2 shows the time-

Ž .evolving profiles for the MC simulations of the full model
of H . The distribution at time ts0 is just a delta function2
Žowing to the initial concentration being a deterministic

.quantity and not included in the plot.

( )Figure 4. Probability densities of the H mole fraction at ts2 s SCWO system : Monte Carlo vs. SRSM.2
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( )Figure 5. Probability densities of the H mole fraction at ts4 s SCWO system : Monte Carlo vs. SRSM.2

Figures 3, 4, and 5 indicate that the probability densities of
the species of interest are very well represented by second-

Žorder SRSM expansions by comparison to those generated
.by the Monte Carlo simulation of the problem . Shown are

the densities of H at ts1, 2, and 4 s.2
We subsequently attempted to verify that the sensitivity in-

formation obtained through SRSM expansion coefficients was
Ž .also accurate. A comparison of the weights � as ob-l, i, t

tained through normalized sensitivity values determined us-
Žing SRSM was made to those obtained from SENKIN Lutz

et al., 1990; which is a commercial package that can evaluate
sensitivity in homogeneous gas-phase chemical kinetic sys-

.tems . SENKIN displays normalized sensitivity coefficients

( )Table 2. Weight Values � from SENKIN at VariousH , i, t2
( )Time Points for H SCWO System2

Ž .Time s

Reaction 2.02 4.18 6.04 8.08 10.0

1 0.0007 0.0015 0.0023 0.0035 0.0048
2 24.8307 31.6615 32.4194 31.5528 30.0512
3 0.5235 1.0886 1.8324 3.1842 4.8333
4 10.655 8.2465 6.9772 5.8474 4.9583
5 25.2013 21.5008 21.8479 22.8975 23.9573
6 1.7696 1.2066 0.8965 0.6774 0.5401
7 23.6262 17.7812 15.0821 12.8527 11.1721
8 13.1565 18.3256 20.7202 22.7527 24.256
9 0.0525 0.05 0.044 0.0376 0.0328

10 0.0001 0.0001 0 0 0
11 0.0002 0.0002 0.0001 0.0001 0.0001
12 0 0 0 0 0
13 0.0233 0.0249 0.0279 0.033 0.0381
14 0.1047 0.0462 0.0889 0.1091 0.1117
15 0.0002 0.0002 0.0002 0.0001 0.0001
16 0.0556 0.0663 0.0609 0.0518 0.0437
17 0 0 0 0 0
18 0 0 0 0 0
19 0 0 0 0 0

with respect to reaction rates defined by

k dyi i , t
� s 29Ž .i , l , t � 4max y dki , l i

The � obtained from the SRSM expansion coefficients hadl, i
� 4to be scaled by max y to reflect comparable quantities. Thei, l

weights � were then computed for the nominal values ofl, i, t
reaction rate constants from both SRSM as well as SENKIN,
and these are shown in Tables 2 and 3. The close similarity of
the weights obtained from both methods verifies that the in-
formation obtained using the coefficients of SRSM expan-
sions is indeed very representative of the sensitivity.

( )Table 3. Weight Values � from SRSM ExpansionH , i, t2
( )Coefficients at Various Time Points for H SCWO System2

Ž .Time s

Reaction 2.0 4.0 6.0 8.0 10.0

1 0.0205 0.0372 0.0558 0.0774 0.1008
2 24.6541 30.3269 30.5451 29.612 28.3336
3 1.2053 2.13 3.2652 4.8553 7.0342
4 10.7382 8.3374 6.8162 5.5222 4.4566
5 25.6403 21.6041 21.3665 21.422 21.5453
6 1.8737 1.2983 0.9359 0.6883 0.5263
7 22.5722 18.1556 16.401 15.1528 13.4781
8 13.0393 17.8513 20.3132 22.3557 24.2016
9 0.0684 0.0659 0.0596 0.0547 0.0526

10 0.0001 0.0001 0.0001 0 0
11 0.0005 0.0005 0.0004 0.0003 0.0002
12 0.0001 0.0001 0 0 0
13 0.0322 0.0348 0.0399 0.047 0.0566
14 0.0839 0.0737 0.1237 0.1443 0.1535
15 0.0003 0.0003 0.0002 0.0002 0.0002
16 0.0698 0.0826 0.076 0.0667 0.059
17 0.0012 0.0013 0.0012 0.0012 0.0012
18 0 0 0 0 0
19 0 0 0 0 0
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Table 4. Initial Reaction Sets for SCWO by SRSM-Based
Sensitivity Analysis and Final Optimal Reduced Mechanisms
( )with Different Tolerance Values for Reduction at Nominal

Conditions
� ��� Initial Reaction Set � Final Reaction Set

5.0 2, 4, 5, 7, 8 0.1 2�8
0.5 2�8, 14 0.01 2�8, 13, 14, 16
0.1 2�8, 14 0.001 2�10, 13�16

*Provided by proposed SRSM framework.
**Obtained via solution of optimization problem.

Table 5. Initial Reaction Sets for SCWO by SRSM-Based
Sensitivity Analysis and Final Optimal Reduced Mechanisms
( )with Varying Tolerance Values for Reduction Considering

Uncertainty

� Initial Reaction Set � Final Reaction Set

5.0 2�8, 14 0.1 2�8, 13, 14, 16
0.5 2�10, 13�16 0.01 1�10, 13�16

Ž .0.1 2�11, 13�16 0.001 Whole set 1�19

Ž .Note: The final optimal mechanisms shown here are obtained by appli-
cation of Multiperiod analysis.

Finally, initial sets of reactions were generated for differ-
ent threshold values and both mechanism reduction opti-
mization problems solved using these initial sets. The results
are detailed in Tables 4 and 5. As can be observed, the initial
sets generated are very close in both cases to the actual final
reduced mechanisms obtained after the complete solution of
both the multiperiod and nominal reduction problems. This,
of course, involves the judicious choice of tolerance values

Table 6. SRSM Framework vs. Existing Pseudosensitivity-
Based Framework for SCWO Considering Reduction under

Uncertainty

Pseudosensitivity SRSM Framework

� �

0.1 3 5.0 2
No. of scenarios 0.01 3 0.5 1

0.001 1 0.1 1

0.1 391.6 5.0 580.1
Ž .Total CPU time s 0.01 560.2 0.5 152.3

0.001 405.83 0.1 72.78

0.1 2�8, 13, 14, 16 5.0 Same
Final reaction set 0.01 1�10, 13�16 0.5 Same

Ž .0.001 Whole set 1�19 0.1 Same

Žboth for the initial sets � and final optimization problems
.� , which are, by definition, user-specified parameters. The

choice of tolerance naturally depends on a variety of factors,
including number and choice of species whose profiles are
being matched and a degree of closeness to original profiles
is considered acceptable, and, thus, cannot be specified in a
general manner.

Table 6 also shows the comparison between the proposed
SRSM framework and the existing pseudosensitivity-based
framework for reduction of the SCWO mechanism under un-

Žcertainty conditioned on various values of the tolerance �s
.0.1, 0.01, and 0.001 . As can be seen, the number of scenarios

Ž .is reduced as predicted , and the CPU times reflect signifi-
Žcant savings in computational time the one exception being

the high tolerance �s0.1 case where the pseudosensitivity
.directly gives the solution .

Figure 6. Time-evolving probability densities of H O mole fraction for the H rrrrrCOrrrrrair mechanism.2 2
Ž . Ž .The inset top right shows the mean H O mole fraction evolution in time with bars above and below illustrating the value of the standard2

deviation of the density function at the particular instant in time. The H O mole fraction at ts 0 has been omitted for clarity.2
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( ) ( )Figure 7. Probability densities of H O at ts0.16 ms H rrrrrCOrrrrrair system : Monte Carlo MC vs. SRSM.2 2

Case Study B: H rrrrrCOrrrrrAir Mechanism2

The second system investigated models the combustion of
Ž . Ža syngas mixture in air Androulakis, 2000 , details in Li and

.Rabitz, 1997 , and contains 47 reversible reactions and 13
Ž .species see Appendix B for mechanism details . Initial pro-

Žcess conditions were taken to be deterministic x s0.005,H2
.x s0.189, x s0.095, x s0.711, and T s1600 K , withO CO N 02 2

uncertainty incorporated into the rate coefficients as in the
previous case study by modeling the uncertainty as existing
purely in the preexponential factors of the rate constant ex-
pressions with log-normal distributions. For the purposes of
this exploratory case study, all the uncertainty factors were
taken to be equal to 3.333, merely to facilitate the under-

standing of uncertainty propagation in the system and ob-
serve representative effects on mechanism reduction.

The specifications for both mechanism-reduction problems
Ž .considering uncertainty and at nominal conditions was to
match the profiles of the following outputs: H , O , H O,2 2 2
CO, CO , and T within � tolerance.2

Application of SRSM
The SRSM analysis applied to this case study was very sim-

ilar to that employed in the SCWO process, with the notable
difference of the process conditions being nonisothermal.
Also, temperature being one of the tagged species required it

( ) ( )Figure 8. Probability densities of H O at ts0.64 ms H rrrrrCOrrrrrair system : Monte Carlo MC vs. SRSM.2 2
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Table 7. Initial Reaction Sets for H rrrrrCOrrrrrAir by SRSM-Based2
Sensitivity Analysis and Final Optimal Reduced Mechanisms

for Reduction at Nominal Conditions and Reduction
Considering Uncertainty

Case Initial Reaction Set Final Reaction Set

Nominal reduction 1, 4, 6, 10, 12�15, 17, 1�4, 6, 10, 12�15, 17,
22, 25, 35, 37, 38, 43 22, 24, 25, 32�35,

37, 38, 43
Reduction 1�6, 10, 12, 13�15, 17, 1�7, 10, 12�15, 17,
considering 18, 22�26, 33�38, 18, 22�26, 32�38,
uncertainty 42, 43, 46, 47 42, 43, 46, 47

S �s2.5; �s0.001

to be approximated via an SRSM expansion in a manner sim-
Ž .ilar to any reaction species Eq. 27 .

In this case, too, the presence of uncertainty in the reac-
tion rate constants resulted in time-varying distributions for
process outputs. The total system reaction time was also di-
vided into ten equal time intervals between the time of reac-

Ž . Ž .tion initiation t s0 and reaction completion t s1.6 ms ,0 f
and SRSM polynomials were fit to each of the matched

Ž .species’ profiles including temperature at each of these dis-
crete points in time.

ŽOnce the SRSM analysis was completed with all the rele-
vant coefficients determined for the output species at a rele-

.vant time point , a threshold � was chosen and initial sets of
reactions for both of the optimization problems were gener-
ated.

Results
The time-varying nature of the distributions of species pro-

Ž .files such as Figure 6 for H O at each point in time were2
captured well by second-order SRSM expansions in this case

Ž .as well Figures 7 and 8 . This can clearly be seen by the
comparison of distributions obtained to those from a Monte
Carlo analysis of the system performed, which required 15,000

Žmodel simulations plots are at ts0.16 and 0.64 ms into the
.reaction for H O . In contrast, second-order SRSM required2

only 4419 simulations. The choice of order of expansion was
$

Žfurther ratified by the MSE estimates obtained once again
.from the 15,000 points used in the Monte Carlo analysis for

Ž .H O representative species for this system , which ranged in2
y11 Ž . y7 Žmagnitude from 2.5�10 at ts1.28 ms to 9.4�10 at

.ts1.6 ms .
The values of the initial reaction sets generated using the

SRSM framework are shown in Table 7 along with the final
mechanism obtained by the solution of the optimization

Žproblems nominal mechanism reduction and the multiperiod
.formulation, that is, reduction under uncertainty . The table

Table 8. SRSM Framework vs. Existing Pseudosensitivity-
Based Framework for H rrrrrCOrrrrrAir Considering Reduction2

Under Uncertainty

Pseudosensitivity SRSM Framework
�s0.001 �s2.5

No. of scenarios 6 3
Ž .Total CPU time s 42,814.9 15,900.8

Final reaction set 1�8, 10, 12, 13�15, 17, 1�7, 10, 12, 13�15, 17,
18, 22�26, 32�38, 18, 22�26, 32�38,

43, 46, 47 42, 43, 46, 47

shows that the initial sets generated are very close in both
cases to the actual final reduced mechanisms obtained after
the complete solution of the integer programming problem.
Once again, Table 8 highlights the reduction in the number
of scenarios and the significant savings in computational time
achieved by the application of the proposed SRSM frame-
work as compared to the existing pseudosensitivity-based
framework of analysis when considering a reduction under
reaction rate constant uncertainty.

Conclusions and Future Directions
This article focused on the problem of taking into account

uncertainty effects of reaction rate constant values when
dealing with complex kinetic reaction mechanisms. SRSM, an
efficient and accurate uncertainty analysis technique, proved
extremely useful in the systematic characterization of uncer-
tainty. A novel computationally efficient framework of analy-
sis was outlined, by which good initial sets of variables for the

Žreaction mechanism reduction both at nominal conditions
.and considering uncertainty can be generated and corre-

spondingly computationally smaller optimization problems
solved. In addition, the analysis using SRSM was found to
provide a straightforward and efficient method of determin-
ing the sensitivity of reaction-mechanism species with respect
to reaction rates, taking uncertainty into account.

Many extensions to this work could be envisioned, includ-
ing taking various other distributions for the rate constants

Žinto account this work only considers log-normal distribu-
.tions , as well as utilizing the coefficients obtained from

SRSM expansions, to provide valuable insight into the dy-
namics of the reaction mechanism itself. Also, the framework
lends itself to extension in the form of parameterizing all fac-

Žtors of uncertainty independently uncertainties in activation
.energy values, temperature exponents, and so on that would

result in a systematic method of analysis that could take into
account all possible sources of uncertainty in reaction rate
constants.

Overall, an accurate, systematic, and efficient framework
of analysis has been detailed, which eases the computational
burden associated with the complex reaction mechanism re-
duction as well as aids the understanding of the uncertainty
effects in such systems.
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Appendix A: SCWO Mechanism Details

Table A1. Full SCWO Mechanism
yE rRT bi ik s A e Tf , i i

Reactions Considered A b ErR UFi i i
141 OHqH™H O 1.62�10 0.0 75.0 3.162
82 H qOH™H OqH 1.02�10 1.6 1,660.0 1.262 2
123 HqO ™HO 1.48�10 0.6 0.0 1.582 2
124 HO qHO ™H O qO 1.87�10 0.0 775.0 1.412 2 2 2 2
125 H O qOH™H OqHO 7.83�10 0.0 670.0 1.582 2 2 2
126 H O qH™HO qH 1.69�10 0.0 1,890.0 2.002 2 2 2
147 H O ™OHqOH 3.00�10 0.0 24,400.0 3.162 2
138 OHqHO ™H OqO 2.89�10 0.0 y250.0 3.162 2 2
149 HqO ™OHqO 1.99�10 0.0 8,460.0 1.162
410 OqH ™OHqH 5.13�10 2.7 3,160.0 1.222
911 2OH™OqH O 1.50�10 0.0 50.0 1.222
1912 H qM™HqHqM 4.58�10 y1.4 48,350.0 32
1413 HqHO ™OHqOH 1.69�10 0.0 440.0 1.352
1314 HqHO ™H qO 4.28�10 0.0 710.0 1.352 2 2
1315 OqHO ™OHqO 3.25�10 0.0 0.0 1.492 2
1316 H O qH™H OqOH 1.02�10 0.0 1,800.0 1.352 2 2
1817 OqHqM™OHqM 4.71�10 y1.0 0.0 10
1318 OqOqM™O qM 1.89�10 0.0 y900.0 1.32
1119 H O qO™OHqHO 6.62�10 0.0 2,000.0 1.352 2 2

Ž . Ž .Units: E K , A mol�cm�s�K .i i

Appendix B: Full H rrrrrCOrrrrrAir Mechanism Details2

Table B1. Full H rrrrrCOrrrrrAir Mechanism2

ŽyE rRT . bi ik s A e Tf , i i

Reactions Considered A b ErRi i i
171 2OqM™O qM 1.20�10 y1.0 0.02

H Enhanced by 2.4002
1H O Enhanced by 1.540�102

CO Enhanced by 1.75 0
CO Enhanced by 3.6002 y1AR Enhanced by 8.300�10

172 OqHqM™OHqM 5.00�10 y1.0 0.0
H Enhanced by 2.0002
H O Enhanced by 6.0002
CO Enhanced by 1.500
CO Enhanced by 2.00 02 y1AR Enhanced by 7.000�10

43 OqH ™HqOH 5.00�10 2.7 6,290.02
134 OqHO ™OHqO 2.00�10 0.0 0.02 2
65 OqH O ™OHqHO 9.63�10 2.0 4,000.02 2 2
146 OqCOqM™CO qM 6.02�10 0.0 3,000.02

H Enhanced by 2.0002
O Enhanced by 6.0002
H O Enhanced by 6.0002
CO Enhanced by 1.500
CO Enhanced by 3.5002

01AR Enhanced by 5.000�10
137 OqHCO™OHqCO 3.00�10 0.0 0.0
138 OqHCO™HqCO 3.00�10 0.0 0.02
139 OqCH O™OHqHCO 3.90�10 0.0 3,540.02
1210 O qCO™OqCO 2.50�10 0.0 47,800.02 2
1411 O qCH O™HO qHCO 1.00�10 0.0 40,000.02 2 2
1812 HqO qM™HO qM 2.80�10 y0.9 0.02 2

O Enhanced by 0.0002
H O Enhanced by 0.0002

1CO Enhanced by 7.500�10
CO Enhanced by 1.5002
N Enhanced by 0.0002
AR Enhanced by 0.000

2013 Hq2O ™HO qO 3.00�10 y1.7 0.02 2 2
1814 HqO qH O™HO qH O 9.38�10 y0.8 0.02 2 2 2
2015 HqO qN2™HO qN2 3.75�10 y1.7 0.02 2
1716 HqO qAR™HO qAR 7.00�10 y0.8 0.02 2
1317 HqO ™OqOH 8.30�10 0.0 14,413.02
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( )Table B1. Full H rrrrrCOrrrrrAir Mechanism continued2

ŽyE rRT . bi ik s A e Tf , i i

Reactions Considered A b ErRi i i
1818 2HqM™H qM 1.00�10 y1.0 0.02

H Enhanced by 0.0002
H O Enhanced by 0.0002
CO Enhanced by 0.0002

1AR Enhanced by 6.300�10
1619 2HqH ™2H 9.00�10 y0.6 0.02 2
1920 2HqH O™H qH O 6.00�10 y1.2 0.02 2 2
2021 2HqCO ™H qCO 5.50�10 y2.0 0.02 2 2
2222 HqOHqM™H OqM 2.20�10 y2.0 0.02

1H Enhanced by 7.300�102
H O Enhanced by 3.6502

1AR Enhanced by 3.800�10
1223 HqHO ™OqH O 3.97�10 0.0 671.02 2
1324 HqHO ™O qH 2.80�10 0.0 1,068.02 2 2
1425 HqHO ™2OH 1.34�10 0.0 635.02
726 HqH O ™HO qH 1.21�10 2.0 5,200.02 2 2 2
1327 HqH O ™OHqH O 1.00�10 0.0 3,600.02 2 2
12Ž . Ž .28 HqHCO qM ™CH O qM 1.09�10 0.5 y260.02

Low-pressure limit:
25 010.13500�10 y0.25700�10
40.14250�10

TROE centering:
30.78240 0.27100�10

40.27550�10
40.65700�10

H Enhanced by 2.0002
H O Enhanced by 6.0002
CO Enhanced by 1.500
CO Enhanced by 2.0002

1AR Enhanced by 7.000�10
1329 HqHCO™H qCO 7.34�10 0.0 0.02
1030 HqCH O™HCOqH 2.30�10 1.1 3,275.02 2
7Ž . Ž .31 H qCO qM ™CH O qM 4.30�10 1.5 79,600.02 2

Low-pressure limit:
28 10.50700�10 y0.34200�10
50.84350�10

TROE centering:
30.93200 0.19700�10

40.15400�10
50.10300�10

H Enhanced by 2.0002
H O Enhanced by 6.0002
CO Enhanced by 1.500
CO Enhanced by 2.0002

1AR Enhanced by 7.000�10
32 OHqH ™HqH O 2.16�108 1.5 3,430.02 2

( )Table B1. Full H rrrrrCOrrrrrAir Mechanism continued2

ŽyE rRT . bi ik s A e Tf , i i

Reactions Considered A b ErRi i i
13Ž . Ž .33 2OH qM ™H O qM 7.40�10 y0.4 0.02 2

Low-pressure limit:
190.23000�10 y0.90000

4y0.17000�10
TROE centering:

20.73460 0.94000�10
4 40.17560�10 0.51820�10

H Enhanced by 2.0002
H O Enhanced by 6.0002
CO Enhanced by 1.500
CO Enhanced by 2.0002

1AR Enhanced by 7.000�10
434 2OH™OqH O 3.57�10 2.4 y2,110.02
1335 OHqHO ™O qH O 2.90�10 0.0 y500.02 2 2
1236 OHqH O ™HO qH O 1.75�10 0.0 320.02 2 2 2
1437 OHqH O ™HO qH O 5.80�10 0.0 9,560.02 2 2 2
738 OHqCO™HqCO 4.76�10 1.2 70.02
1339 OHqHCO™H OqCO 5.00�10 0.0 0.02
940 OHqCH O™HCOqH O 3.43�10 1.2 y447.02 2
1141 2HO ™O qH O 1.30�10 0.0 y1,630.02 2 2 2
1442 2HO ™O qH O 4.20�10 0.0 12,000.02 2 2 2
1443 HO qCO™OHqCO 1.50�10 0.0 23,600.02 2
1244 HO qCH O™HCOqH O 1.00�10 0.0 8,000.02 2 2 2
1845 HCOqH O™HqCOqH O 2.24�10 y1.0 17,000.02 2
1746 HCOqM™HqCOqM 1.87�10 y1.0 17,000.0

H Enhanced by 2.0002
H O Enhanced by 0.0002
CO Enhanced by 1.500
CO Enhanced by 2.0002

1247 HCOqO ™HO qCO 7.60�10 0.0 400.02 2

Ž . Ž .Units: E K , A mol � cm � s � K .i i
Species X Enhanced by y refers to enhancement factor for third body
reactions.

Ž .Please refer to CHEMKIN documentation Kee et al., 1996 for details.
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